In this article, we report the finite difference method for numerically solving the Goursat Problem, using uniform Cartesian grids on the square region. We have considered both linear and nonlinear Goursat problems of partial differential equations for the numerical solution, to ensure the accuracy of the developed method. The results obtained for these numerical examples validate the efficiency, expected order and accuracy of the method.
Introduction
In the present article, we wish to develop a finite difference method for numerically solving Goursat problem 
There are several methods in the literature for numerical solution of this problem such as Runge-Kutta [1] , linear and non-linear trapezoidal [2] - [4] and finite difference method [5] and references there in.
The existence and uniqueness of the solution of the problem (1) is assumed. We have not considered any specific assumption on the source function f to ensure existence and uniqueness of the solution [6] .
In this article, we develop an algorithm to solve numerically problem (1) . The development of the present method is based on an idea discussed and developed [7] for source function ( ) , , f x y u which is given as, ( ) 
A novel exponential finite difference method and precisely satisfies the initial conditions. Also this method is an explicit method and can be solved directly at each mesh point.
The present work is organized as follows. In Section 2, we present novel exponential finite difference approximation for the Goursat problem. A novel finite difference method is presented so that the resulting difference equation need satisfies the initial conditions exactly. A derivation of the present method discussed in Section 3 and finally, the application of the developed method presented together with illustrative numerical results has been produced to show the efficiency of the method in Section 4. A discussion and conclusion on the performance of the method are presented in Section 5.
The Finite Difference Method
In this section we present proposed finite difference method to numerically solve problem (1 
Following the notations in [8] , we will define the terms in (3) as,
Thus using (4), we can define term
etc. The value of the partial derivative of the solution u is not known to us. Thus an approximation to these may be obtained using following difference approximations. 
Substituting (6) 
In computation of (7) we need the initial values. To compute these initial values we shall define an algorithm similar to that reported in [5] as
where we have set
Similarly we can define
, ,
etc. in (9). Also the values of x u and y u not known, so we approximate these values using following difference formulas. The difference method (7) requires the function value at all the initial mesh points. Thus evaluation started at the initial mesh points using (8) . In method (8), we evaluate four functions while in computation of (7), we evaluate five functions. Thus in computation of 1, 1 i j u + + we re-evaluate three functions and evaluate two new functions. Thus this method requires the storage of the three function values at all the mesh points of the square domain. In numerical experiments we can say that the method (7) gives satisfactory and competitive results for the examples considered in this article.
Derivation of the Method
In the following expressions, we define 
Thus from (19), we define the discretization (7) for the problem (1). Thus method (7) is at least
curate. Though methods (7) and (8) are explicit methods which compute approximate value of ( ) , i j u x h u h + + but if problem is nonlinear then it may be implicit method. Thus if differential Equation (1) is nonlinear, (7) and (8) can be solved by the Newton-Raphson iterative method.
Numerical Experiment
To illustrate our method and demonstrate its computational efficiency, we will consider the examples discussed in [1] [2] , in which the errors taken to be the root mean square RMU, maximum absolute error MAU and maximum relative error RAU i.e. 
We have used the Newton-Raphson iteration method to compute the values (7) and (8) Consider a non linear problem discussed in [2] which, when solving consists of 
Conclusions
In general, each numerical method has its own merit and demerit in its application. The present method is therefore good for use under the initial conditions. The demerit of this method is in computation of initial values which highly affect the all subsequent computational results. The present method which is at least second order accurate seems competitive with other finite difference methods. Method is computationally efficient which can be observed in numerical results obtained in our experiments. It is observed from the results that method has higher accuracy i.e. small discretization error. In the present article a different approach, we have presented at least second order finite accurate difference method for the numerical solution of the nonlinear Goursat problem. The development of this method will lead to a possibility to further raise the order and accuracy of the method. Work in this direction is in progress and soon it will appear.
